Abstract. Let f = h + g be a normalized harmonic mapping in the unit disk D. In this paper, we obtain the sharp radius of univalence, fully starlikeness and fully convexity of the harmonic linear differential operators
Introduction
Throughout this paper, let H denote the class of all complex-valued harmonic functions f = h + g defined on the unit disk D = {z ∈ C : |z| < 1} normalized by f (0) = 0 = h(0) = h ′ (0) − 1, where h and g are analytic in D such that h(z) = z + ∞ n=2 a n z n and g(z) = Also, let H 0 = {f = h + g ∈ H : g ′ (0) = 0} and J f (z) = |h ′ (z)| 2 − |g ′ (z)| 2 denote the Jacobian of f = h + g. According to Lewy's theorem (see [10] or [6] ), f ∈ H is locally univalent and sense-preserving if and only if J f (z) > 0 in D, i.e |g ′ (z)| < |h ′ (z)|; or equivalently, the dilatation ω(z) = g ′ (z)/h ′ (z) is analytic in D with |ω(z)| < 1 in D. Note that if f ∈ H 0 , then it is clear that ω(0) = 0. Let S H denote the class of univalent and sense-preserving functions f = h + g ∈ H. The class S H for which g(z) ≡ 0 reduces to the class S of normalized univalent analytic functions in D. This is fundamental in the study of univalent functions theory. The geometric subclasses of S H consisting of the convex, starlike and close-to-convex functions in D are denoted by C H , S * H and K H , respectively. It is a standard practice to let Theorem A. Suppose that h and g are analytic in D with |g ′ (0)| < |h ′ (0)| and h + ǫg is close-toconvex for each ǫ, |ǫ| = 1, then f = h + g is close-to-convex in D.
As an analog of Bieberbach Conjecture proved by de Branges [5] for functions in S, Clunie and Shell-Small [4] proposed the following conjecture for functions in S 0 H .
H , where the representation of h and g are given by (1.1) with b 1 = 0. Then for each n ≥ 2,
Definition 2. Function f ∈ H is said to be fully convex of order α (0 ≤ α < 1) if it maps every circle |z| = r < 1 in a one-to-one manner onto a convex curve satisfying
If α = 0, then the harmonic mapping f is said to be fully convex (univalent) in D.
Definition 3. A function f ∈ H is said to be fully starlike of order α (0 ≤ α < 1) if it maps every circle |z| = r < 1 in a one-to-one manner onto a curve satisfying ∂ ∂θ arg f (re iθ ) > α, 0 ≤ θ < 2π, 0 < r < 1.
If α = 0, then the harmonic mapping f is said to be fully starlike (univalent) in D.
Let FS * H (α) and FC H (α), respectively, denote the subclasses of S H consisting of fully harmonic starlike and fully harmonic convex functions of order α. Also, set [7, 8] gave a sufficient condition for functions f ∈ H to be FS * H (α) and FC H (α), respectively. Lemma 1.1. Let f = h + g ∈ H, where h and g are given by (1.1). Furthermore, let
where h and g are given by (1.1). Furthermore, let
According to Radó-Kneser-Choquet theorem, a fully convex harmonic mapping is necessarily univalent in D. However, a fully starlike mapping need not be univalent (see [3] ).
For f = h + g ∈ S 0 H we let D ǫ f = zf z − ǫ zf z (|ǫ| = 1) and in the case of ǫ = 1, we use the notation D +1 f = Df for the sake of convenience. As with the analytic differential operator zf ′ (z), the operators Df and Df := D −1 f play the important roles in harmonic mappings. In 1915, Alexander [1] proved that if f ∈ S, then f (z) ∈ C if and only if zf ′ (z) ∈ S * . In 1990, Sheil-Small [15] gave one application of it to harmonic mappings as stated below.
Theorem B. If f = h + g ∈ H is univalent, and has a starlike range and if H and G are the analytic functions on D defined by
then F = H + G is univalent and has a convex range.
In general, the converse of Theorem B is not necessarily true. For example, if F = L, where
H is the harmonic right half-plane mapping defined by (1.5), then it is easily see that
is not starlike and moreover, it is not even univalent in D (see [6, p.110] ). However, Ponnusamy and Sairam Kaliraj [11] proved the converse theorem with an additional condition as follows.
Theorem C. Suppose that F = H + G is a sense-preserving normalized convex mapping, and DF = zF z − zF z is sense-preserving in D. Then DF is univalent and starlike in D.
The above discussions show that the question of univalency of the harmonic differential operator D ǫ f is interesting. In this paper, we study mainly the radius of univalence, fully convexity and fully starlikeness of the harmonic differential operators D ǫ f and (1 − λ)f + λD ǫ f when the coefficients of h and g satisfy either (1.2) or (1.4). All these results are sharp.
Radius of starlikeness and convexity of D ǫ f
In this section, we obtain the sharp radius of fully starlikeness and fully convexity of order α for the harmonic differential operator D ǫ f . The following identities are useful in the proof of our results: Lemma 2.1. We have
Proof. The proof of (a) follows from ∞ n=1 n r n = r(1 − r) −2 and the rest of them may be obtained by differentiating this and so on.
For 0 < r < 1 and f ∈ h + g ∈ H, let us define D
Theorem 2.2. Let f = h + g, where h and g are given by (1.1), and the coefficients satisfy the conditions (1.2) for n ≥ 2. Then for D ǫ f = zf z − ǫ zf z (|ǫ| = 1), (1) the radius of fully starlikeness of order α is r s (α), where r s (α) is the unique root of the equation p α (r) = 0 in the interval (0, 1), where
(2) the radius of fully starlikeness is r u ≈ 0.0614313, where r u is the unique root of the equation
in the interval (0, 1). All the results are sharp.
Proof. By the assumption h and g have the form (1.1) and the coefficients of the series satisfy the conditions (1.2). First, we observe that b 1 = g ′ (0) = 0. The conditions (1.2) imply that the series (1.1) are convergent in D, and hence, h and g are analytic in D. Thus, f = h + g ∈ H 0 for 0 < r < 1, it suffices to show that D ǫ,r f defined by (2.1) with b 1 = 0 belongs to FS 0 * H (α). Now, we consider
where we have used Lemma 2.1(a) and (d) in the last equality. By Lemma 1.1, it suffices to show that T 1 ≤ 1 which holds whenever p α (r) ≥ 0, where p α (r) is defined by (2.2). Now we shall show that the polynomial p α (r) defined by (2.2) has exactly one zero in the interval (0, 1) for every α ∈ [0, 1). Since p α (0) = 1 − α > 0 and p α (1) = −16 < 0, so p α (r) has at least one zero in the interval (0, 1). A straightforward calculation shows that
It suffices to show that q α (r) is negative in the interval r ∈ (0, 1) for every α ∈ [0, 1). Moreover,
which gives the critical point r 0 = 13−21α 33(1−α) and q ′ α (r) > 0 for 0 ≤ r < r 0 and q ′ α (r) < 0 for r 0 < r < 1. Clearly, we need to deal with the cases 0 ≤ α ≤ 13/21 and 13/21 < α < 1.
This implies that q α (r) < 0 in the interval r ∈ (0, 1) for all 0 ≤ α ≤ 13/21.
Case 2. Let 13/21 < α < 1. Then we have q ′ α (r) < 0 for r ∈ [0, 1). Also, since q α (0) = 9α − 17 < 0 and q α (1) = −24 < 0, we find that q α (r) < 0 in the interval r ∈ (0, 1) and for all 13/21 < α < 1.
Combining the last two cases, we conclude that q α (r) < 0 in the interval (0, 1) and for all α ∈ [0, 1). This proves p ′ α (r) < q α (r) < 0 in the interval (0, 1) and for all α ∈ [0, 1). Thus, D Note that the roots of the equation (2.2) in (0, 1) are decreasing as a function of α, 0 ≤ α < 1. Consequently, r s ≤ r u . Note that for α = 0, Equation (2.2) reduces to (2.3). Then, by Lemma 1.1, we see that the harmonic function f is starlike and univalent in |z| ≤ r u ≈ 0.0614313, where r u is the unique root of the equation (2.3) in the interval (0, 1).
Next, to prove the sharpness, we consider the function
where
Here, H 1 (z) and G 1 (z) are defined by (1.3). We note that
Direct computation leads to
As DF (r) has real coefficients, we have
in the interval (0, 1), respectively. Moreover, for r u < r < r * u , we have J DF (r) < 0. The graph of the function J DF (r) for r ∈ (0, 0.15) is shown in Figure 1 . Therefore, in view of Lewy's theorem, the function DF (z) is not univalent in |z| < 1 if r > r u . This shows that r u is sharp.
Furthermore,
Thus, by (2.2) and p α (r s (α)) = 0, we have
This shows that r s (α) is the best possible.
A slight change in the proof of Theorem 2.2 with the help of Lemma 1.2 yields the radius of fully convex for D ǫ f . So the proof is omitted here. (1) the radius of full starlikeness of order α is r s (α), where r s (α) is the unique root of the equation s α (r) = 0 in the interval (0, 1), where
(2) the (univalent) radius of fully starlikeness is r u ≈ 0.0903331, where r u is the unique root of the equation
in the interval (0, 1).
All the results are sharp.
Proof. We follow the notation and the method of proof of Theorem 2.2. In order to prove (1) 
where we have used Lemma 2.1(a) and (c) in the last equality. According to Lemma 1.1, it is sufficient to show that T 2 ≤ 1, which is equivalent to s α (r) ≥ 0, where s α (r) is given by (2.4). Note that s α (0) = 1 − α > 0 and s α (1) = −6 < 0 and so s α (r) has at least one zero in the interval (0, 1). Since To prove the sharpness, we consider function
, where H 2 (z) and G 2 (z) are defined by (1.5). Direct computation yields
Again, since DF (r) has real coefficients, we obtain Figure 2 . Therefore, in view of Lewy's theorem, the function DF (z) is not univalent in |z| < 1 if r > r u . This shows that r u is sharp. Furthermore,
Thus, by (2.4) and s α (r s (α)) = 0 , we have
The following result can be obtained by a similar argument as in the proof of Theorem 2.4, and so we omit the proof here. 
Similarly, we define
By the convolution result, since Ψ λ is convex in D and thus, Re (Ψ λ (z)/z) > 1/2 in D, it follows that Re (h ′ (z) + ǫg ′ (z)) > 0 in D and therefore, h + ǫg is close-to-convex for each |ǫ| ≤ 1. Consequently, by Theorem A, the harmonic function f = h + g is close-to-convex in D whenever f ∈ K 1 H (λ). Thus, functions in K 1 H (λ) are close-to-convex in D. The following result follows immediately from [9] , and we omit its proof. 
holds, then f ∈ K 2 H (λ). Theorem 3.2. Let h and g have the form (1.1) and the coefficients of the series satisfy the conditions (1.2). Then, f = h + g satisfies the inequality
in the disk |z| < r s and is fully starlike in |z| < r s , where r s is the root of the equation
in the interval (0, 1). The result is sharp.
Proof. By assumption (1.2), f = h + g is harmonic in D. Let 0 < r < 1. It suffices to show that the coefficients of f r (z) = r −1 f (rz) satisfy the inequality (3.1), where
By hypotheses n (|a n | + |b n |) ≤ n(2n 2 + 1) 3 and thus, we compute
which is less than or equal to 1 if T 3 ≤ 1, which is equivalent to Thus, we desired result follows from the proof of Theorem 3.2.
Theorem 3.4. Let h and g have the form (1.1) and the coefficients of the series satisfy the conditions (1.4). Then, f = h + g ∈ K 2 H (λ) (λ ≥ 0) in the disk |z| < r c and is fully starlike in |z| < r c , where r c is the root of the equation 1 − 4(2 + λ)r + (13 − 2λ)r 2 − 8r 3 + 2r 4 = 0 (3.4) in the interval (0, 1). The result is sharp.
Proof. Clearly, it suffices to observe that n (|a n | + |b n |) ≤ n n + 1 2 + n − 1 2 = n 2 and thus,
(1 − λ + λn)n(|a n | + |b n |)r n−1 ≤ (1 − λ) It follows that S 4 ≤ 1 if T 4 ≤ 1 which is equivalent to 1 − 4(2 + λ)r + (13 − 2λ)r 2 − 8r 3 + 2r 4 ≥ 0.
The desired conclusion and the sharpness follow as before.
If λ = 0 in Theorem 3.4, the equation (3.4) reduces to
(1 − r) 1 − 7r + 6r 2 − 2r 3 = 0 and this gives the following result obtained in [9] . 
